In this paper, we establish some new Hermite-Hadamard-type inequalities for differentiable functions. Several applications for special means are given as well.
Introduction
Throughout in this paper, let a ≤ c < d ≤ b in R with a + b = c + d. The inequality f a + b 2
which holds for all convex functions f : [a, b] → R, is known in the literature as Hermite-Hadamard inequality [7] . For some results which generalize, improve, and extend the inequality (1), see [1] - [6] and [8] - [18] . In [4] , Dragomir and Agarwal established the following results connected with the second inequality in the inequality (1) . 
which is the trapezoid inequality provided f is convex on [a, b] .
In [12] , Kirmaci andÖzdemir established the following results connected with the first inequality in the inequality (1).
Theorem 1.2.
Under the assumptions of Theorem 1.1, we have
which is the midpoint inequality provided f is convex on [a, b] .
In [14] , Pearce and Pečarić established the following Hermite-Hadamard-type inequalities for differentiable functions: 
, then the following inequalities hold:
Remark 1.5. In Theorem 1.3, let q = 1. Then Theorem 1.3 reduces to Theorems 1.1 and 1.2.
In this paper, we establish some results which refine Hermite-Hadamard inequality (1) and generalize Theorems 1.1-1.4. Some applications for special means are given.
Hermite-Hadamard-Type Inequalities for Convex Functions
In this section, we establish some Hermite-Hadamard-type inequalities which refine Hermite-Hadamard inequality (1) . 
(2) Let f : [a, b] → R be a concave function. Then the inequality (8) is reversed.
Proof.
(1) Suppose f is convex. It is easily observed from the convexity of f that the first and last inequalities of (8) hold. Using simple computation, we have the following identities:
and
where
where x ∈ c, a+b 2 .
where x ∈ [a, c] .
Now, using the above identities and the convexity of f, we have the following inequalities:
by the identities (10) and (11) .
by the identity (12) .
by the identities (13) and (14) .
by the identities (15) and (16) . The second and third inequalities of (8) follow from the identity (9) and the inequalities (17) − (20) .
(2) In case f is concave, so − f is convex, we obtain that the inequality (8) is reversed. This completes the proof. 
Hermite-Hadamard-Type Inequalities for Differentiable Functions
In this section, we establish some results connected with the second and third inequalities in the inequality (8) .
Theorem 3.1. Under the assumptions of Theorem 1.3, we have the following Hermite-Hadamard-type inequality:
Proof. Define
.
Using the integration by parts, we have the following identities:
Now, using Power mean inequality, the convexity of f q and the identities (15) and (23) − (27) , we have the inequality
The inequality (21) follows from the identity (22) and the inequality (28) . This completes the proof. Then we have the inequality
Remark 3.4. In Corollary 3.3, let β = 0 and q = 1. Then Corollary 3.3 reduces to Theorem 1.1.
Theorem 3.5.
Under the assumptions of Theorem 1.3, we have the following Hermite-Hadamard-type inequality:
where H (c, d) is defined as in Theorem 3.1.
Now, using Power mean inequality, the convexity of f q and the identities (15) and (31) − (35) , we have the inequality
The inequality (29) follows from the identity (30) and the inequality (36) . This completes the proof. . Then we have the inequality
Remark 3.9. In Corollary 3.8, let β = 0 and q = 1. Then Corollary 3.8 reduces to Theorem 1.2. . Then we obtain the following inequalities:
which are similar extensions of Theorem 1.3.
Theorem 3.11.
Under the assumptions of Theorem 1.4, we have the following Hermite-Hadamard-type inequalities:
hold where H (c, d) is defined as in Theorem 3.1.
Proof. We observe that f q is concave on [a, b] implies f = f 
In Theorems 3.1 and 3.5, we have
Using simple computation, we obtain that
The inequalities (37) and (38) follow from the identities (27) , (35) , (41) , (42) and the inequalities (39) , (40) . This completes the proof.
Proof. In Theorem 3.11, let f : By the inequality (21) and Theorem 2.1, we get the inequality (49) . This completes the proof. By the inequality (29) and Theorem 2.1, we get the inequality (50) . This completes the proof.
